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Abstract 

In this paper we calculate the center-of-mass energy of two colliding test particles near 
the rotating and non-rotating Horava-Lifshitz black hole. For the case of slowly rotat- 
ing KS solution of Horava-Lifshitz black hole we compare our results with the case of 
Kerr black holes. We confirm the limited value of the center-of-mass energy for the 
static black holes and unlimited value of the center-of-mass energy for the rotating 
black holes. Numerically, we discuss temperature dependence of the center-of-mass en- 
ergy on the black hole horizon. We obtain the critical angular momentum of particles. 
In this limit the center-of-mass energy of two colliding particles in the neighborhood of 
the rotating Horava-Lifshitz black hole could be arbitrarily high. We found appropri- 
ate conditions where the critical angular momentum could have an orbit outside the 
horizon. Finally, we obtain center-of-mass energy corresponding to this circle orbit. 
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1 Introduction 



Recently, Banados, Silk and West (BSW) [1] shown that free particles falling from rest at 
infinity outside a Kerr black holes may collide with arbitrarily high center-of-mass (CM) en- 
ergy and hence the maximally rotating black hole might be regarded as a Planck-energy-scale 
collider. They proposed that this might lead to signals from ultra high energy collisions such 
as dark matter particles. The spinning Kerr black holes as particle accelerators discussed by 
the Ref. [2], they found that the ultra-energetic collisions cannot occur near black holes in 
nature. In the Ref. [3] elastic and inelastic scattering of particles in the gravitational field of 
static and rotating Kerr black holes was considered and found that the CM energy is limited 
for the static and can be unlimited for the rotating black holes. In the Ref. [4] new results 
for the CM energy of particles for the non-extremal black holes are obtained and found that 
the CM energy has limited value, but if one takes into account multiple scattering the CM 
energy becomes infinite [5]. These results extended to the charged spinning black hole as 
Kerr-Newman [6] and non-rotating charged black holes as Reissner-Nordstrom backgrounds 
[7]. In near-extremal Reissner-Nordstrom black hole it is found that there always exists a 
finite upper bound of CM energy, which decreases with the black hole charge. From above 
studies we find that having infinite CM energy of colliding particles is a generic property of 
a rotating black holes [8]. This universal property helps us to understand unknown channels 
of reaction between elementary particles. Also there are similar studies in other kinds of 
black holes [9-15]. 

In this paper we take advantages from above studies and investigate the particle acceleration 
process in the Horava-Lifshitz (HL) black holes [16]. The HL gravity is an interesting quan- 
tum gravity theory, which has stimulated an developed study on cosmology and black hole 
solutions [17-20]. Because it is power counting renormalizable non-relativistic gravity theory 
giving up the Lorentz invariance. It is expected that the HL black hole solutions asymptoti- 
cally become Einstein gravity solutions. Significant reason for consideration of HL black hole 
as particle accelerator is that the slowly rotating Kerr black hole is recovered by the slowly 
rotating black hole solutions in the HL gravity in the IR limit [21]. Slowly rotating black 
holes means that one considers the first order of rotating parameter, it may be interpreted 
as a black hole arising from the breaking of spherical symmetry to axial symmetry. So, it 
is interesting to calculate the CM energy of two colliding particles in the rotating HL black 
hole and compare it with the case of Kerr black holes. Also one can investigate universality 
of unlimited CM energy on the horizon of the rotating HL black holes, which proposed in 
the Ref. [8]. Therefore our motivation is to examine if the BSW effect remains valid in the 
case of rotating black hole solutions of the modified gravity models such as HL gravity. 
This paper organized as follows. In the section 2 we review static HL black holes and discuss 
about horizon structure of several kinds of HL black holes. In the section 3 we calculate the 
CM energy of two colliding particles in the HL black holes and obtain finite value of CM 
energy in the non-rotating black hole. In order to investigate universality of CM energy we 
recall rotating HL black hole in the section 4 and calculate the CM energy of the rotating 
HL black holes in the section 5. Also we compare our result for slowly rotating KS black hole 
with the case of Kerr black holes. Finally we give conclusion and summarize our results. 
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2 Horava-Lifshitz black holes 



In this section we recall HL black hole and discuss about horizon structure of these kind 
of black holes. Such discussions will be useful in the study of particle acceleration. The 
four- dimensional gravity action of HL theory is given by the following expression, 



S = / dtdx 3 ^N[C + C + &], (1) 



where 



£ = ^(K^-XK 2 ) 

& = ^^(^(^ (3) ) 2 + A^ (2) 
where k, X and \i are constant parameters, and the Cotton tensor is defined as the following, 

C* = eV k V h (B>-\ltf!), (3) 

also the extrinsic curvature is defined as, 

^—^(^-V^-V.iV,), (4) 

Furthermore, N and Ni are the lapse and shift functions respectively, which are used in 
general relativity in order to split the space-time dimensions. Indeed, we considered the 
projectable version of HL gravity with detailed balanced principle, and an IR modification 
term (j^By). 

As we know the vacuum metric of the HL black holes is given by [22], 

dv 

ds 2 = f{r)dt 2 -jns~ r W + sin 2 Od(f> 2 ), (5) 
where we used the natural units (c = G — 1), and f(r) is, 

f{r) = 1 + (w - A w )r 2 - (r[u(w - 2A w )r 3 + f3})K (6) 

where, /3 is an integration constant, Aw and u are real constant parameters. There are two 
special cases of the HL black holes. In the first case one consider (3 = AuM and Aw = 
which is called the Kehagias-Sfetsos (KS) black hole solution [23]. In this case f(r) is, 



f KS {r) = l + ujr 2 -ujr 2 \ll + — 3: (7) 



In the second case (3 = — j*— , and u — 0, which is called the Lu-Mei-Pope (LMP) black hole 
solution [24]. In this case f(r) is, 

cv 

f L Mp(r) = 1 - A w r 2 - -7===^- (8) 

We note here that the LMP solutions are spherically symmetric space-times, but the KS 
solutions are asymptotically flat space-times. In order to study equations (7) and (8) we 
draw the f(r) function with respect to r which are shown by Fig. 1 and Fig. 2. 




Figure 1: Horizon structure of the KS solution (7) for M — 1. The solid line represents 
u) = 0.5, where two horizons are coincide, uj — 1 and uj = 2.5 plotted with dashed and 
dotted lines. 



In the KS solution (7), one can write uj = it becomes Schwarzchild black hole for r ^> 
(M/ui)^, in other word for large r, or large cu (u — > oo limit) in fixed r we have Schwarzchild 
black hole. The constant uM 2 is dimensionless parameter and the mass M is transformed 
to k 2 M to make mass dimension. There exist two event horizon for uk 2 M 2 > 1/2 at, 

r± = kHl ± f-^Sw) ■ < 9) 

Two horizons of the equation (9) are coincide for uk 2 M 2 = 1/2. We have the naked singu- 
larity for uk 2 M 2 < 1/2. These situations drawn in the Fig. 1 for M — 1 and different values 
of uj. In the Ref. [25] the motion of massless and massive test particles in the space-time 
of the KS black hole solution studied. Also the Horizon structure of the LMP solution (8) 
drawn in the Fig. 2. By choosing Aw = — 1 we find that two horizons coincide for a = 1.75. 
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Figure 2: Horizon structure of the LMP solution (8) for Ajy = — 1. The dashed line drawn 
for a = 2. And the solid line drawn for a = 1.75, where two horizons are coincide. 



Also we have naked singularities for the cases of < a < 1.75. 

Now, it turn to back general form of the equation (6), the black hole horizon obtained by 
f(r) = 0, which yields to the following equation, 

A^r 4 + 2(w - A w )r 2 - fir + 1 = 0. (10) 

The equation (10) may be obtained by adding the following equations, 

J V 2 2(u; - A w ) 

A 2 r 2 A 2 



I 

A 2 

The first relation of (11) yields to the following answer 



2 - 3 -7f- = -TT- (11) 



A 2 r A 2 



We can find that r_ is related to the inner horizon, while r + is related to the outer horizon. 
We can also solve u and /3 from the relations in the (11), and find, 

U = ^(l + 3AH/r)(l- A^r), 

P = -{l-K w r 2 ){l + K w r 2 ). (13) 
r 
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In order to have positive /3 it should be r 2 < 1/Aw, but in order to have positive u it should 
be r < 1/A W . If we assume that u is positive for r = 1/A W , then the upper limits of j3 is 
positive if Aw > 1- On the other hand, if we assume that /3 is positive for r 2 = 1/Aw, then 
the upper limits of u is positive if Aw > 1. It means that both cases constrained by the 
some condition > 1. 

In the next section we calculate the CM energy of two colliding test particles in the neigh- 
borhood of the static HL black holes. 

3 The CM energy of two colliding particles in the static 
HL black holes 

In order to obtain the CM energy, we should calculate the 4-velocity of the particles. We 
assume that the motion of particles is on the equatorial plane. In that case we should set 
9 = 7r/2 in the equations of motion. Therefore, one can obtain, 

E 

= 0, 

* = ( 14 ) 

where E denotes the test particle energy per unit mass and L denotes the angular momentum 
parallel to the symmetry axis per unit mass. Also the dot denotes a derivative with respect 
to an affine parameter A, which can be related to the proper time by r = 77A, and 77 satisfies 
the normalization condition rj 2 = g^ v x^x u with 77 = 1 for time-like geodesies and 77 = 
for light-like geodesies. Here, we should note that we used sign convention (+,—,—,—), 
therefore sign of normalization condition is different with the Ref. [15] where sign convention 
used as (—,+,+, +). We use nonzero 4-velocity components (14) to obtain CM energy of 
the two-particle collision in the background of HL black holes (5). We assume that two 
particles have the angular momentum per unit mass L±, L 2 and energy per unit mass E\, 
E 2 , respectively. Also we take m as the rest mass of both particles. By using the relation 
Eqm — \/2rao-\/l + g^UiU^., one can find the CM energy of two-particle collision as the 
following (u = (t, r, 0,0)), 

E om = y^p (/(r)r 2 + E^r 2 - L x L 2 f(r) - H 1 H 2 ) , (15) 

where, 

Hi = ^Jf(r)r 2 + E 2 r 2 -f(r)Ll (16) 
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- E 2 ~ 

where i = 1,2, and we re-scaled the CM energy as Eqm = -^f- We interest to find Ecu 
when the particles collide on the black hole horizon. Therefore we should set f(r) = in 
the relation (15). It is clear that the denominator of right hand side of the relation (15) is 
zero. So, if E\E 2 > 0, then the numerator will be zero and the value of Eqm on the horizon 
will be undetermined. But when E\E 2 < 0, the numerator will be negative finite value and 
Ecm on the horizon will be negative infinity, which is not physical solution. 
In order to obtain behavior of the CM energy of two colliding particles on the horizon we 
expand the equation (15) at r + . So, the lowest order term yields to the following expression, 



E CM {r r+) = — ^ 2 , (17) 



A 

1E^E 2 r\ 
where, 

A = rKEt + E 2 ) 2 - (E 2 L 1 - E 1 L 2 f '. (18) 

The equation (17) is just the limiting value of the relation (15) at r — > r + . In that case we 
can see that if Lj — > or E 2 L\ = E\L 2 , then Ecu is independent of the horizon radius. 
We found that the value of CM energy in the horizon is finite for E^ ^ 0, as expected for 
non-rotating black holes. Therefore, this case is not interesting in the present work. 
In order to compare our result with the case of Kerr black holes and investigate universality 
of having infinite energy in the center of mass frame of colliding particles we should consider 
rotating HL black holes which is subject of the next sections. 



4 Rotating HL black hole 



In this section, we consider rotating black hole in the HL gravity, which described by the 
following metric [21], 

ds 2 = f(r)dt 2 - — - r 2 d6 2 - r 2 sin 2 6(d<f) - aNdt) 2 , (19) 
f{ r ) 

where a = J/M is the rotation parameter, and J is spin angular momentum, and M is 
the black hole mass. In order to obtain a slowly rotating black hole solution one can keep 
equations of motion up to the linear order of a. In that case the metric (19) reduced to the 
following [21], 

dv 2 

ds 2 = f(r)dt 2 -JHK- r2d ° 2 - r * sin2 W 2 " 2aNdtd<f)). (20) 

where, 

" = ^- <*) 

Also it is found that f(r) in the equation (20) is KS solution which is given by the relation 
(7). So, the slowly rotating KS black hole solution of HL gravity is given by, 

dr 2 4 T 

ds 2 slowKS = f K s(r)dt 2 - - r 2 d6 2 - r 2 sin 2 fl(# 2 - ^-dtd<j>). (22) 



fKs(r) r 
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The Hawking temperature of the slowly rotating KS black hole (22) is given by the following 
expression, 

2ur\ - 1 

Th = - , + 9 — , (23) 



8Trr + (ur\ + 1) ' 

where the outer horizon r + is given by the equation (9). Also the angular momentum of 
slowly rotating black hole is given by [21], 



J = a 



3 tan~ 



4^ 



(24) 



It is found that in the u — > oo limit the slowly rotating KS black hole solution (22) leads to 
the slowly rotating Kerr solution. In the next section we calculate CM energy of two colliding 
particles in the rotating HL black holes. Finally we compare results of slowly rotating KS 
black hole with Kerr black holes. 



5 The CM energy of two colliding particles in the ro- 
tating HL black holes 

In this section, similar to the section 3, we calculate the CM energy of two colliding particles 
in the rotating HL black hole (19). In that case 4- velocity of the particles extended to the 
following, 

aNL - E 
' " f(r) ' 



E 2 a 2 N 2 r 2 -f(r) 2aNEL \ 
/(r) + f(r)r 2 f(r) J 



0, 

aN(aNL - E)r 2 - f(r)L 
f(r)r 2 



(25) 



The radial component r gives us the effective potential via 2V e ff + r 2 = E 2 . The structure 
of the effective potential of the KS solution of the static HL black hole have been discussed 
in the Ref. [26]. Now we present the effective potential of both KS and LMP solutions for 
rotating HL black hole, 



(L 2 uj - L 2 a 2 N 2 - l)r 2 - ur 4 + L 2 + (r 2 - L 2 W 2 ,/l + 
Veff(KS) = - 2 V ^ 

(L 2 u - L 2 a 2 N 2 - l)r 2 - r 4 + L 2 + (r 2 - L 2 )a^ 
V eff {LMP) = — . (26) 

The effective potential of the KS solution (26) in limit of a — > completely agree with the 
Ref. [26]. 
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The structure of the effective potentials of both KS and LMP solutions of rotating HL black 
hole are given in the Fig. 3. It shows that the effective potential decreases from r = to 
r = oo. As we expected the effective potential vanishes at r — > oo and goes to infinity at 
r = 0. Also the effective potentials of the KS black hole at u — > oo and a — > limits goes to 
the Schwarzschild black hole . From the Fig. 3 one can see that V e ff = yields to the two 
solutions T\ and r 2 with the condition T\ < r + < r 2 . So, V e //(r < ri) and V e ff(r > r 2 ) are 
positive, and V e ff(r + ) is always negative. It means that the horizon of the HL black holes 
are attractive, but V e ff(r < ri) and V e ff(r > r 2 ) are repulsive. Because of the repulsive force 
of the V e ff(r < r\), particles cannot fall to the center of black hole. Instead, two particles 
could collide on the horizon. 



m 100- 



1400- 
1200- 
1000- 

V ff (LMP) 800 . 



04 ... - - ■>" ' 



600- 



200- 
0- 



Figure 3: Plots of effective potential in terms of r by choosing M — 1, L — 10 and a = 0.1. 
Left: For KS solution, to = 0.5, 0.75 and 1 represented by solid, dotted and dashed lines 
respectively. Right: For LMP solution, a = 1.75,2 and 2.5 represented by solid, dashed and 
dotted lines respectively. 



Then by using the 4-velocity (25) one can obtain, 

Ecm = j^y} (f(r)r 2 + E x E 2 r 2 - LMJ{t) - a 2 N 2 r 2 ) - aNr 2 ^^ + E 2 L X ) - H l H 2 ) , 

(27) 

where, 

Hi = sjf{r)r 2 + Efr 2 - (f(r) - a 2 N 2 r 2 )L 2 - 2aNr 2 EiL u (28) 

with i = 1,2. The denominator of the CM energy (27) on the black hole horizon is zero, and 
the numerator of it reduced to KiK 2 — \fK\ \/K 2 , where, 

K i = r(aNL l -E i ), i = 1,2, (29) 

when K\K 2 > 0, the numerator of (27) will be zero and the value of the Ecm on the horizon 
will be undetermined. On the other hand, if K\K 2 < 0, then Ecm on the horizon will be 
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negative infinity which is not physical solution. This result agree with the result of particle 
acceleration in Kerr-(anti) de Sitter black hole background [15]. It is easy to check that this 
result with a = reduced to the results of the section 3. In the Fig. 4 we draw Ecm from 
the relation (27) for KS solution with small and large u separately. We find that at large 
co limit our result agree with the Ref. [1] where the Kerr black holes living in a Minkowski 
space-time with a zero cosmological constant considered. 



E CM (KS) 
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Figure 4: Plots of Ecm in terms of r by choosing E\ = E 2 = 2, M = 1 and L 2 = —2 for KS 
solution. Left: We take small u and set L\ = 0.5. We can read r + « 1.7 from the Fig.l . It 
represents Ecm with the critical angular momentum. Right: We take large u, this behaves 
similar Ecm near horizon (r + = 1) of the Kerr black hole with a zero cosmological constant. 



On the other hand the LMP black hole solution with Ayy = — 1 may behaves as Kerr-AdS 
black hole solution [22]. In the Fig. 5 we give Plot of Ecm i n terms of r for LMP solution. 
It shows that the CM energy has large value on the horizon (r + = 1). 

Now, in order to obtain behavior of the Ecm on the horizon we consider slowly rotating 
HL black hole and assume that a is small parameter, then expand Ecm at the horizon and 
find, 

e™tr^r +) = W jA_ , (30) 

where, 

A = (K 1 (r + ) + K 2 {r + )f - (E 2 L 1 - E 1 L 2 ) 2 . (31) 

In order to study the critical angular momentum per unit mass we assume the following 
condition. If we consider Ki(r + ) = (aNLi = Ei), then A reduced to K\{\ + a 2 N \ r i ) , in 
that case we will obtain (Ecm) \k { =o — > oo on the horizon. It means that, if Ki(r + ) = then 
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Figure 5: Plot of Ecm in terms of r by choosing E\ = Ei = 2, L\ = 0.5, L2 
LMP solution. We can read r + = 1 from the Fig. 2. 



-2, a = 2 for 



the CM energy of two colliding particles on the horizon of HL black hole could be arbitrary 
high (see Fig. 4). These lead us to obtain the critical angular momentum per unit mass 
from the equation (21) as the following expression, 



aN 



2J 



1,2, 



(32) 



It means that the particles with the critical angular momentum L ci can collide with arbitrary 
high CM energy at the horizon. This result may provides an effective way to probe the 
plank-scale physics in the background of a rotating HL black hole. We can see the critical 
angular momentum depends on r\ which is differs from the case of Kerr black hole, where 
the L C i obtained depend on r 2 + [15]. However, by using the equation (24) and taking oj — > 00 
limit, we can rewrite the equation (32) r5j_, which agree with the results of [15]. 



If we take r\ 



—I 2 , we will have same critical angular momentum for two black holes 
(Ld(HL) = Ld(Kerr)), where I 2 is related to the cosmological constant A by l~ 2 = —A/3. 
It is interesting to obtain Ecm(t'+) i n terms of the black hole temperature. In that case we use 
equations (23) and (30), and obtain the relation between T and Ecm(j- + ). So, numerically 
we find that EcM(f+) increases with temperature. It diverges at critical angular momentum 
and yields to the negative value for < L ci . The situation with Lj > L ci illustrated in the 
Fig. 6. 

The particle with the critical angular momentum may have an orbit outside the outer 
horizon. This will be happen if, 

dR(r) 
dr r ~ 



>0, 



(33) 
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Figure 6: Plot of Ecm{t+) of KS solution in terms of the Hawking temperature for u = 1, 
Ei = 2, L2 = —2 and a = 2. Solid, dashed and dotted lines represent L\ = 1, 1.5 and 2 
respectively. The critical angular momentum of this case is L c ± = 0.5, where Ecm(j + ) — >■ 00. 
For the cases of L cl < 0.5 the CM energy becomes negative which is not physical solution. 



where we defined R(r) 



and f is given by the relation (25). This condition comes from 



stability of orbital motion where dV e ff/dr should be positive at the balance point. By using 
the relation (7) and (25) one can obtain the following equation, 



dR{r) 
dr 



E 2 r\)W 



where, 



W = 2ur, 1 




(34) 



(35) 



First, we assume that a 2 > E 2 ^. In that case, by using the relation (9) we draw W in terms 
of u for KS solution of HL background. It show that the value of W is positive for oj > 0.5 
and M — 1 (see Fig. 7). The case of u — 0.5, which yields to W = 0, is the boundary case. 
Already we found that the u < 0.5 is naked singularity, therefore in the KS solution of HL 
black hole we have always u > 0.5, hence there is only a 2 > E 2 ^ condition, a 2 
is the boundary case which is similar to the case of W = 0. In summary with u > 



E 2 r\ 
0.5 



and a 2 > E 2 r+, the particle with the critical angular momentum can have an orbit outside 
the outer horizon of the HL black hole. If this orbit be a circle, then the radial 4-velocity 
component of the particle must be zero, r = 0. 
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Figure 7: Plot of W in terms of u for M = 1. 



By using the relation (25) one can obtain the angular momentum per unit mass on a 
circle orbit as the following, 



Lcol 



■>co2 



aNEr 2 + r^/f^^/E 2 + a 2 N 2 r 2 - f(r) 

A 

(36) 



a 2 N 2 r 2 - f(r) 
aNEr 2 - r^r)^E 2 + a 2 N 2 r 2 - f(r) 



a 2 N 2 r 2 _ y( r ) 



In order to obtain real solution we should have E 2 > f(r) — a 2 N 2 r 2 . If E 2 = f(r) — a 2 N 2 r 2 , 
then L co i = L CQ 2 = aN J , and there is no circle orbit. In order to have the circle orbit, the 
angular momentum must be in the range L CQ 2 < L < L co \. We assume that L co \ = L±, and 
L C0 2 = L 2 — 5, where < 5 < L col — L co2 . It means that the first particle is a target and 
the second particle on the circle orbit collide with the target. 5 is the small parameter and 
interpreted as the drift of the second particle from the circle orbit. In that case, one can 
obtain Ecu at the circle orbit as the following, 

ECM - 1 + 2 / 2 Ar2 2 TTTT f( \ 2 6 + U \° » \ 6 ') 

r z {a z T\ z r z — j[r)) j{r)r z 



where 



Qi = rsjE 2 + a 2 N 2 r 2 - f(r). (38) 
Here, 5 = yields to maximum of E C m and 5 = L col — L co2 yields to minimum of E C m, so 
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we find, 



E 



CMmin 



E 1 E 2 r 2 - Q 1 Q 2 
r 2 (a 2 N 2 r 2 - f(r)) 



- _ E 1 E 2 r 2 + Q 1 Q 2 

EcMmax — 1 H 2 / 2 , r2 2 77 \\ 5 (39) 

r z {a z N z r z — j{r)) 

and the CM energy has the rang EcMmin < Ecu < Ecumax- On the other hand, if we 
change position of two particles (L co2 = Li, and L co \ = L 2 — 5) then find the similar results 
as (39). If f(r) = a 2 N 2 r 2 , then the maximum value of Eqm goes to infinity and CM energy 
can reach the Planck energy. For the KS solution of HL gravity, the EcMmax corresponding 
to two colliding particles on the circle orbit with radius r 2 = 2a will be infinity, where we 
assume that M = 1 and u is large. Extension of above discussions to the case of slowly 
rotating is straightforward and obtained by setting a 2 = in the relations (36) and (39). 



6 Conclusion 

Several kinds of Kerr black holes already considered as particle accelerators. In this paper, 
we investigated the possibility that the Horava-Lifshitz black holes may serve as particle 
accelerators. Our motivation for this study is that the slowly rotating KS solution of HL 
black holes reduced to slowly rotating Kerr black holes. Therefore it is interesting to calculate 
CM energy of two colliding test particles in the neighborhood of the rotating HL black holes. 
In agreement with the case of non-rotating Kerr black holes we obtained finite CM energy 
of two colliding particles on the horizon of the static HL black holes. In this case, we 
found that if the angular momentum of particles vanished then the value of CM energy is 
independent of horizon. Then we reviewed the rotating HL black hole and discussed that 
the oj — > oo limit of the slowly rotating KS black hole solution leads to the slowly rotating 
Kerr solution. Therefore, we calculated CM energy of two colliding particles in the rotating 
HL black hole and found that the CM energy on the horizon will be infinity. This result 
confirms the claim of the Ref. [8] where the arbitrary high CM energy of two colliding 
particles at the horizon serves as general properties of rotating black holes. So, we found 
the critical angular momentum per unit mass where the CM energy goes to infinity. We 
obtained special conditions where the particle with the critical angular momentum may 
have an orbit outside the outer horizon. We have shown that this orbit may be a circle when 
the angular momentum limited in the special range. Hence we calculated the CM energy 
corresponding to this circle orbit and found radius of circle orbit at large u. As mentioned 
in the section 2 we considered projectable version of HL black hole. It is also interesting to 
consider non-projectable version of HL gravity [27, 28, 29, 30] and investigate BSW effect. 
This is currently under investigation. 
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